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Abstract
The main result of the paper is the following:
Theorem. Suppose all the ˇCech cohomology groups of a space X are finitely generated and
Hm(X;Z) is free for some m  2. There is a metrizable space Y ∈ Cm−1 ∩ LC∞ and a map
f :X → Y such that f ∗ :Hk(Y ;Z) → Hk(X;Z) is an isomorphism for all k  m. If dimX is
finite or X is uniformly movable and Hk(X;Z) vanish for large k, then Y is a finite polyhedron.
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In his work [7] with Walsh the author encountered the following question:
Problem. For a compact metric space X having the ˇCech cohomology group H ∗(X;Z)
finitely generated, is there a, possibly infinite, polyhedron P and a map f :X→ P such
that f ∗ :H ∗(P ;Z)→H ∗(X;Z) is an isomorphism?
Here Hk(X;G)= [X,K(G,k)] for each natural k and H ∗(X;Z)=∑∞k=1Hk(X,Z). In
what follows the integer coefficients will be suppressed.
Partial answer to the above question was already known (see also [1] in the case of
locally pathwise connected and simply connected spaces):
Theorem (Geoghegan–Lacher [8]). Any shape simply connected compactum X of finite
dimension is shape equivalent to a finite polyhedron P . In particular, there is a map
f :X→ P inducing isomorphisms of all ˇCech cohomology groups.
The main result of the paper is the following:
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Theorem. Suppose all the ˇCech cohomology groups of a space X are finitely generated
and Hm(X) is free for some m 2. There is a metrizable space Y ∈ Cm−1 ∩ LC∞ and a
map f :X→ Y such that f ∗ :Hk(Y )→Hk(X) is an isomorphism for all k m.
Corollary. Suppose the ˇCech cohomology group H ∗(X) of a space X is finitely generated
and Hm(X) is free for some m  2. If dimX is finite or X is uniformly movable, then
there is an (m − 1)-connected finite polyhedron P and a map f :X → P such that
f ∗ :Hk(P )→Hk(X) is an isomorphism for all k m.
Before proving the above results we need a preliminary lemma:
Lemma. Let K is either a K(Z, k + 1) or a K(Zp, k), k  2 and p is a prime number
and let α :K ′ → K be the path fibration (i.e., K ′ is the space of paths in K starting at a
base point). Given a map g :P → K , P is connected and π1(P ) = 0, let β :P ′ → P be
the fibration induced from α by g. If g∗ :Hk+1(K)→Hk+1(P ) is a monomorphism, then
π1(P ′) = 0 and β∗ :Hi(P )→ Hi(P ′) is an isomorphism for i  k and an epimorphism
for i = k + 1. Moreover, if all the cohomology groups of P are finitely generated, then all
the cohomology groups of P ′ are finitely generated.
Proof. Notice that the fiber F of β is either a K(Z, k) or a K(Zp, k−1). Thus Hi(F )= 0
for 0 < i < k and i = k + 1 (see [11, Theorem 6, p. 502]). Consider the Leray–Serre
spectral sequence of β (see [12, pp. 630–631]):Ep,q2 ≈Hp(P,Hq(F )). Since Hq(F)= 0
for 1 q < k and q = k + 1, the only relevant non-zero terms of the spectral sequence are
E
p,0
2 and E
p,k
2 . Therefore E
p,q∞ = 0 for p+ q < k + 1 if q = 0 and q = 0, k. To show that
β∗ :Hq(P )→Hq(P ′) is an isomorphism for q  k we need Ek,0∞ = 0. E0,k∞ is the kernel
of
E
0,k
k+1 =E0,k2 ≈H 0
(
P,Hk(P )
)→Ek+1,0k+1 =Ek+1,02 ≈Hk+1
(
P,H 0(F )
)
.
The corresponding homomorphism H 0(K,Hk(F ))→ Hk+1(K,H 0(F )) in the Leray–
Serre spectral sequence of α :K ′ →K must be a monomorphism (in view of Hk(K ′)= 0).
Now, both the vertical arrows in the diagram
H 0(K,Hk(F )) Hk+1(K,H 0(F ))
H 0(P,Hk(F )) Hk+1(K,H 0(F ))
represent monomorphisms and the left one represents an isomorphism, so E0,k∞ is trivial.
Notice that Ei,0∞ = Ei,02 for i  k. Indeed, Ei−n, n−1n → Ei,0n is trivial as Ei−n, n−12 = 0
for i  n 2 (recall that Hn−1(F )= 0 for 1 < n k). Thus, β∗ :Hi(P )→Hi(P ′) is an
isomorphism for i  k. It remains, to show that Ep,q∞ = 0 for p+ q = k+ 1 and p = k+ 1.
Since Hk+1(F ) = 0, E0,k+12 = 0. Now, H 2(P ) is free (its torsion part being isomorphic
to H1(P ) = 0) and E1,k2 ≈ H 1(P,Hk(F )) = 0. Thus Hk+1(P ) → Hk+1(P ′) is an
epimorphism and it is clear that its kernel contains the image of Hk+1(K)→Hk+1(P ).
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The proof of triviality of π1(P ′) poses a problem only if K = K(Zp,2) (otherwise
π1(P ) = π1(F ) = 0 implies π1(P ′) = 0). If π2(P )→ π2(K) is not onto, then it must
be trivial and α would be homotopically trivial. Thus π2(P )→ π2(K) is onto and by
comparing the homotopy exact sequences of both α and β
π2P π1F π1P ′ π1P = 0
0 π2K π1F π1K = 0
we see that π2(P )→ π1(F ) is epi and π1(P ′)= 0.
If all the cohomology groups of P are finitely generated, we use the Leray–Serre
spectral sequence plus the fact that K(G,n)’s (G= Z or G= Zp) have finitely generated
cohomology (this is a consequence of [11, Theorem 6, p. 502]) to show that all the
cohomology groups of P ′ are finitely generated (see Theorem 7.11 in [12, p. 651]). ✷
Remark. If P and K are metrizable ANR’s, then P ′ is also a metrizable ANR (see [5,
Lemma 3.6]).
Proof of Theorem. We are going to describe an algorithm for constructing an inverse
system {Pi,pi+1i } of fibrations and maps fi :X→ Pi satisfying the following conditions:
(a) Pi ∈ Cm−1 is a metrizable ANR whose all cohomology groups are finitely
generated,
(b) the fiber of pi+1i is a K(Gi,ni) with ni m− 1 and ni →∞ as i→∞,
(c) for each k there is n(k) such that f ∗n(k) :Hi(Pn(k))→Hi(X) is an isomorphism for
all m i  k,
(d) pn+1n ◦ fn+1 = fn for all n > 0.
The space Y is defined as lim{Pi,pi+1i } and f = limfi .
Let r be the rank of Hm(X) and choose generators αi :X → K(Z,m), 1  i  r .
PutP1 =∏ri=1K(Z,m) and f1(x)= (α1(x), . . . , αr (x)) for x ∈X. Given Pn and fn :X→
Pn consider
a =max{i m | f ∗n :Hi(Pn)→Hi(X) is an isomorphism
}
.
If a =∞, put Pn+1 = Pn and pn+1n = id. Assume a <∞.
Case 1: f ∗n :Ha+1(Pn)→Ha+1(X) is not an epimorphism.
We choose generators β1, . . . , βs :X→K(Z, a + 1) of Ha+1(X) and put
Pn+1 = Pn ×
s∏
i=1
K(Z, a + 1).pn+1n
is the projection and
fn+1(x)=
(
fn(x),β1(x), . . . , βs(x)
)
for x ∈X.
Case 2: f ∗n :Ha+1(Pn) → Ha+1(X) is an epimorphism but f ∗n :Ha(Pn;Zp) →
Ha(X;Zp) is not a monomorphism for some prime p.
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Choose a non-trivial γ :Pn → K(Zp, a) such that γ ◦ fn ≈ const. Let g :K(Zp, a)→
K(Z, a + 1) be a generator of Ha+1(K(Zp, a)) ≈ Zp . Notice that g ◦ γ is not
homotopically trivial. Indeed, g ◦ γ ≈ const would imply that γ factors, up to homotopy,
through the homotopy fiber F ≈ K(Z, a) of g, i.e. γ ≈ i ◦ γ ′, where γ ′ :Pn → F and
i :F → K(Zp, a). Since γ ◦ fn ≈ const, we get i ◦ (γ ′ ◦ fn)≈ const and γ ′ ◦ fn factors,
up to homotopy, through the homotopy fiber F ′ ≈K(Z, a) of i , i.e., γ ′ ◦fn ≈ i ′ ◦λ, where
λ :X→ F ′ and i ′ :F ′ → F . By the definition of a there is λ′ :Pn → F ′ with λ′ ◦ fn ≈ λ.
Now, (i ◦ γ ′) ◦ fn ≈ i ′ ◦ γ ≈ γ ′ ◦ fn, so i ′ ◦ λ′ ≈ γ ′ and γ ≈ i ◦ γ ′ ≈ i ◦ i ′ ◦ γ =
const (since i ◦ i ′ = const), a contradiction. Thus, γ ∗ :Ha+1(K(Zp, a))→ Ha+1(X) is
a monomorphism.
We define pn+1n :Pn+1 → Pn to be the pull-back of the path fibration K ′ → K(Zp, a)
via γ :Pn → (Zp, a). Since γ ◦ fn ≈ const, there is a lift fn+1 :X→ Pn+1 of fn.
Case 3: f ∗n :Ha+1(Pn) → Ha+1(X) is an epimorphism and f ∗n :Ha(Pn;Zp) →
Ha(X;Zp) is a monomorphism for each prime p.
Choose γ :Pn → K(Z, a + 1), γ not homotopically trivial but γ ◦ fn ≈ const. Notice
that γ ∗ :Ha+1(K(Z, a + 1))→Ha+1(Pn) is a monomorphism. Indeed, in the diagram
Ha(Pn)⊗Zp Ha(Pn;Zp) Ha+1(Pn) ∗Zp
Ha(X)⊗Zp Ha(X;Zp) Ha+1(X) ∗ Zp
the first vertical arrow represents an isomorphism and the second one represents a
monomorphism. Therefore the third one represents a monomorphism, since the rows
are short exact sequences (the universal coefficient theorem). Let G be the kernel of of
f ∗n :Ha+1(Pn)→Ha+1(X). Then
0 →G ∗ Zp →Ha+1(Pn) ∗ Zp →Ha+1(X) ∗ Zp
is exact (see [11, p. 224]) and G ∗Zp = 0 for all prime p. Thus G is free and the image of
γ ∗ :Ha+1(K(Z, a + 1))≈ Z→Ha+1(Pn) can be either Z or 0.
Similarly to Case 2 we define pn+1n :Pn+1 → Pn to be the pull-back of the path
fibration K ′ → K(Z, a + 1) via γ :Pn → K(Z, a + 1). Since γ ◦ fn ≈ const, there is a
lift fn+1 :X→ Pn+1 of fn.
Notice that in both Cases 2 and 3 the kernel of Ha+1(Pn+1)→ Hn+1(X) is a proper
image of ker(Ha+1(Pn)→ Ha+1(X)), so for a fixed number a there are only finitely
many times that either case is needed.
Let Y = lim{Pi,pi+1i } and f = limfi . By Lemma 1 of [4], Y is a metrizable space
and Y ∈ LC∞. It is shown in the proof of that lemma that the projections Y → Pi are n(i)-
connected and n(i)→∞ as i→∞. Therefore,Y ∈ Cm−1 (in view of (m−1)-connectivity
of each Pi ). Also, this implies that the singular k-cohomology group of Y is isomorphic to
Hk(Pi) for large i . By Theorem A of [4] the singular k-cohomology group of Y is naturally
isomorphic to Hk(Y ) which completes the proof. ✷
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Remark. Using a technique of Dranishnikov [2] one can show that the space Y
constructed here is an absolute neighborhood extensor for spaces of finite cohomological
dimension (which is stronger than being LC∞).
Proof of Corollary. Choose Y ∈ Cm−1 ∩ LC∞ and a map g :X → Y such that
g∗ :Hk(Y )→Hk(X) is an isomorphism for all k m. Let α :P → Y be a weak homotopy
equivalence. Since Y is simply connected and its singular k-cohomology groups vanish for
large k, we may assume P is finite (see [11, p. 420]). If dimX is finite, we use Theorem 5.6
of [3] to produce a map f :X→ P such that (α ◦ f )∗ = g∗. Then f ∗ is an isomorphism.
If X is uniformly movable (see [3, p. 7]), we construct Y by choosing P1 to be
the product of finitely many K(Z, n)’s, n  m, so that f ∗1 :Hn(P1) → Hn(X) is an
epimorphism for all n M . By uniform movability of X there is a CW-complex Q and
a shape morphism r :Q→ X such that for some map a :X→Q, [f1] = [f1 ◦ r ◦ a]. By
Theorem 8.7 in [3], for each k  0 there is a unique (up to homotopy) map hk :Q(k)→ P
with [hk ◦ α] = [g] ◦ r|Qk . These maps can be patched together to produce h :Q→ P
such that h∗ ◦ α∗ = r∗ ◦ g∗ (on n-cohomology, n m). Now, [f1] = [f1 ◦ r ◦ a] implies
(r ◦a)∗ = id and g∗ = (g ◦ r ◦a)∗ = a∗ ◦h∗ ◦α∗ = (α ◦h◦a)∗ (on n-cohomology, nm).
Since α∗ is an isomorphism (on n-cohomology, n m), f = h ◦ a induces isomorphism
of n-cohomology groups for nm.
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